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BEHAVIOR OF STRUCTURES SUBJECTED TO A 
FORCED VIBRATION 


Charles T. G. Looney,’ A.M. ASCE 


SYNOPSIS 


This paper describes modes of free vibration and the reciprocal theorem 
and Muller-Breslau’s principle as applied to a steady state forced vibration. 
A parallel is drawn between the behavior of a simply supported beam and a 
continuous structure whereby the similarity is shown between the shapes of 
the mode of free vibration, the influence line for deflection, and the influence 
line for bending moment. These simple and accurate relationships are basic 
to the understanding of the behavior of continuous structures subjected to a 
steady state forced vibration. 


1. INTRODUCTION 


In this study the behavior of some relatively simple continuous structures 
will be described. The results described, however, present a true picture of 
the behavior of any continuous structure. The method of analysis, described 
by the author in A.S.C.E. Trans., Vol. 118, 1953, p. 794 was used in this study. 
That analysis makes use of superposition; in addition, this paper introduces 
the reciprocal theorem and Muller — Breslau’s principle with modifications 
necessary for their application to the study of vibrations. 

The effect on a continuous structure of a periodic force Me sin onmft 
will be considered only as it affects the steady state condition. 

There are two important phenomena to consider with regard to the effect 
of a periodic force on the deflections, bending moments and shears of a struc- 
ture. These are the frequencies of free vibration of the structure and the in- 
fluence of the position of the periodic force. Considerable attention will be 
given to the determination of the frequencies of free vibration of a structure 
and the shape of the deflection curves. Frequencies of free vibration are 
important because it is at these frequencies that the deflection due to a per- 
iodic force becomes very large. The influence of the position of the periodic 
force can best be described by means of influence lines. 


2. Frequencies of Free Vibration of Continuous Structures. 


In general, free vibrations of continuous structures occur with periodic 
moments at the ends of the members. At any given frequency of free vibra- 

tion the relative magnitude of the end moments is constant and the deflection 
is proportional to the end moments. If the structure is simply supported and 
all the individual members have the same natural frequency, then free vibra- 
tions can occur with no end moments. Each member will deflect in the shape 
of the mode for a simply supported beam for the particular frequency. A 
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continuous beam of identical spans is simple to analyze and will serve to 
illustrate free vibrations. The general requirements are that the periodic 
end moments and the end slopes be equal at all times. The relative values of 
the end moments and the frequencies of free vibrations can be found by equa- 
tions similar to slope deflection equations. 

The equations for the deflection of a simply supported beam due to a per- 
iodic moment on the left end are — 


2 
Sar > asin sin 


N=1,2,3.... 


| 
where By, \- 2 and the end moment is M sin ft (M posi- 
n 


tive clockwise) for no damping, and 


2 


n= 1,23... 


\ 
where B- £2452 and the moment is M een St sin 
2 
for damping proportional to the velocity. 
In Equation 2 the deflection and end moment decrease logarithmically from 
any given value. The deflections, end moments and frequencies of free vibra- 


tion are only slightly affected by small amount of damping. In this analysis 
Equation 1 will be used. The effect of damping would be a constant decrease, 


in proportion to e 2 ny for a length of time equal to the period 7 


of both the end moments and deflections. 
From Equation 1 the can ‘an written as, 


8 - (a) sin anft 


x20 


x=l dx El 

The values of the coefficients (a) and (b)? depend on the ratio of the fre- 
quency, f, of the periodic end moment, to the fundamental frequency, f,, of the 
member. Figs. 1 and 2 show values of (a) and (b) as ordinates with values of 
the ratio f/f, as abscissa. 

For a continuous beam of two identical spans, simply supported, the fol- 
lowing equations can be written at the center support. The supports will be 
numbered from left to right. t 


(a) M,, = (a) M,, 
and M,, + M,, = 0 
2. Expressions for coefficients (a) and (b) on page 8. 
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The solutions to these equations are M,, = M,, = 0 and (a) = 0. for zero 
moment at the center support the frequencies of free vibration are equal to 
the natural frequencies f,, f,, f, ........ f, of one member simply supported. 
The deflection of the continuous beam will have the same shape as the modes 
of a simply supported beam. For example when the gears? of free vibra- 


tions is equal to f,, the deflection of the left span is sin 2S 7: sin enkt 


and the right span - A sin —— KK sin 2tt Ft 


l 


For (a) = 0 the frequencies of free wag are obtained from Fig. 1. 
This figure shows that (a) = 0 for values of + 1.56, 5.07, 10.57, 18.68 ....... 


1 
The fundamental frequency of the member can be computed and therefore the 
frequencies of free vibration of the two span continuous beam can be obtained 
from these ratios. 
Fig. 3 shows the shape of the deflection curve for i = 1.56. These de- 


flections are periodic and proportional to the moment at the center. For three 
identical spans the following equations can be written at supports 2 and 3, 


(a) = (a) + (b) Mg, 
(b) M,, + (a) My, = (a) My, 


There are three solutions to these equations, 
M,, = M,; =Mg, =M,, = 0 
M,, = -Myy = My, = -My, and 2 = 2 
M,, = = -My, = My and 

For zero end moments the frequencies of free vibration are equal to the nat- 


ural frequencies f,, f,, f, ........ fn and the deflection has the same shape as 
the modes of a simply supported beam. The deflection of the continuous beam 


for a frequency of free vibration equal to f, is, from left to right, 


Asin sin , - Asin sinenst , and 


Asin * sin2r ft 


To obtain the frequencies of free vibration for b/a = + 2a curve was drawn, 
Fig. 4, for this ratio r =? From this figure for r = +2, t = 1.87, 4.58, 11.47, 
17.48 ........ and for r = -2, = : = 1.28, 5.60, 9.85, 19.77 ees Fig. 3 shows 
the shape of the deflection a for free vibration at f = 1.87 and 1.28. 


1 
The end moments and frequencies of free vibration were obtained in a sim- 
ilar manner for four spans and five spans. Table 1 shows the values of 
; for the required values of r 22 . Fig. 3 shows the shape of the deflection 
1 
curve for the lowest frequency of free vibration. 
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-/2 


+/2 
1+/5= 3.24 
| =-1.24 
-1-/5=-3.24 
-1+./f/5= 1.24 


FREQUENCIES FOR CONTINUOUS BEAMS 
OF IDENTICAL SPANS 


TABLE Il. 
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RATIO RATIO | 
r=b/a f/f 1 
00 1.56 5.07 10.57 18.68 
+2 1.87 4.58 11.47 17.48 
-2 1.28 5.60 9.85 19.77 a 
1.18 5.88 9.51 | 
2.03 4.34 11.85 16.92 
1.74 4.78 11.25 17.93 
5.99 9.35 
5.38 10.17 19.36 
7 4.23 12.07 16.63 | 
| 


From these studies of free vibration it can be deduced that frequencies 
of free vibration for continuous structures occur in the vicinity of the natural 


frequencies of the individual members. Note that the values of i in the ver- 
tical columns of Table 1 are grouped in the vicinity of ‘ =1, 4, 9, and 16, 


OF f = f,, f,, and f, ........ For these beams the number 
frequencies of free vibration in the vicinity of each of the natural frequencies 
is equal to the number of spans. For example; for two spans there ure two 
values of : in the vicinity of f =f, which are 1 and 1.57; while for five 

1 
spans there are five values of + : pie the vicinity of f = f, which are 1, 1.74, 
1.13, 1.39 and 2.11. 

An examination of the sisal of free vibration of continuous structures 
composed of members which are not all identical, as is the case for these 
continuous beams, shows that the correct general statement is that a contin- 
uous structure has a frequency of free vibration in the vicinity of the natural 
frequencies of each member. As a proof of the above statement take for 
ex uple a continuous beam of two spans for which the ratio of the fundamental 


frequencies is (f,),,: (f,),5: : 1:20. To simplify the analysis assume ] and 


I to be the same for both members. As before, at the center support, two 
equations can be written, 


(a), Mj, = Mas 
and M,, + M,, = 0 


The solution to these equations is * 


M,, = 
and (a),, = 
To obtain the frequencies of free vibration superimpose on the curve for (a),, 


the curve for -(a)ys, which will have the same vertical scale, since 2 , land 
M are the same, and 20 times to horizontal scale. Fig. 5A repeats Fig. 1 
for (a),, and has -(a),, superimposed. The ratio of the frequency of free vib- 
ration of the structure to the fundamental frequency of the left span can be 
found where these curves intersect. Note that there is an intersection near 
i = 1, 4, 9, 16 ........, therefore the structure has a frequency of free vibra- 
tion in the vicinity of each of the natural frequencies of the left span. The 
frequencies of free vibration in the vicinity of the natural frequencies of the 
right span fall beyond this figure. In order to show frequencies for both spans 
assume the ratio of the fundamental frequencies to be 1 : 1.25 instead of 1:20. 
The values of -(a),, are obtained by increasing the horizontal scale by 1.25. 
Fig. 5B shows -(a),5 superimposed on (a),,- The two lower intersection points 
at approximately 1. 4 and 4.3 (lower scale for +) are ratios of the frequency 


of free vibration to the fundamental frequency of the left span in the vicinity 
of the first and second natural frequencies of the left span. The wy upper 


intersection points at approximately 1.4 and 4.9 (upper scale for 1) are 

ratios of the frequency of free vibration to the fundamental pans of the 

3. If the square root of the ratio of the fundamental frequencies is a vulgar 
fraction when M,, = M,, = 0 is a solution. 
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fundamental frequency of the right span in the vicinity of the first and second 
natural frequencies of the right span. This is an important key to the deter- 
mination of the frequencies of free vibration of a continuous structure. The 
structure will have frequencies of free vibration in the vicinity of i -%, 


4, 9, 16 ........ for each member. Z 


The method described so far for the determination of the frequencies of 
free vibration of a structure is not suitable when the arrangement of the mem- 
bers is complicated and the properties of the individual members differ. A 
generally applicable method is that of introducing a hinge in the structure at 
the end of a member, and making an analysis of the steady state vibration 
due to equal and opposite periodic moments on each side of the hinge to deter- 
mine the end slopes on each side of the hinge. When the frequency of the 
periodic moments is equal to the frequency of free vibration of the structure 
then these end slopes will be equal. Trial values of (a) and (b) for the mem- 
bers from Figs. 1 and 2 are used to obtain an approximate value of the fre- 
quency; if a more accurate value is required the analysis is repeated, using 
computed values of (a) and (b). 

To illustrate this method of analysis it is proposed to find the frequency 
of free vibration of the bent shown on Fig. 6, in the vicinity of the fundamental 
frequency of the girder. The ratio of the fundamental frequencies of the 
girder and legs is 1:20; and l /1 for both is assumed to be equal. Values of 
f/f, for the girder in the vicinity of 1 are tried; after several trials t/ f, = 1.4 
is found to be approximately correct. If f/f, = 1.4 for the girder then f/f, = 
1.4/20 = 0.07 for the legs. Values of (a) and (b) for the girder and legs taken 
from the curves are shown on Fig. 6. Thestiffness* K of the girder (the 
moment required to produce an end slope of +1) is equal to 1/-0.07 = -14.3 = 
Kg and the stiffness of the legs 1/0.33 = +3.00 = K,. The carry-over slope 
for the girder is +0.25/-0.07 = -3.57 and for the legs -0.17/0.33 = -0.50. At 


joint 3, the joint rotation factor, K , for member 32 is equal to -14.3/ 


2K 
(-14.3 + 3.0) = 1.27 and for member 34, 3.0/(-14.3 + 3.0) = - 0.265. The hinge 
is introduced at joint 2 and the periodic and moments are M,, = + M and M,, 
=-M . The end slopes due to these moments are shown on the line 6. There 
is a discontinuity at joint 3 of +0.25, this is distributed as follows 


K 
Member 32 =K = +0.25x1.27 =+0.32 


Member 34 K = 0.00 x -0.265 = 0 


The change of slope for member 32, 8 7 @) = +0.32 - 0.25 = +0.07 and for 


member 34, 6 - ©) = +0.32 - 0 = + 0.32. The carry-over slopes are equal 
to +0.07 x -3.57 = -0.25 and +0.32 x -0.50 = -0.16. The total slopes show that 
at joint 2 there is a small difference: -0.33 on the left and -0.32 on the right. 
Therefore f/ f, = 1.4 is approximately the correct value. A more accurate 
determination of the value of f/f, is 1.394; Fig. 6 shows a repetition of the 
analysis using computed values of (a) and (b). The following method of 


4. The distribution procedure used in this analysis is similar to that des- 
cribed in a paper by L. E. Grinter entitled “Analysis of Continuous Frames 
by Balancing Angle Changes” Transactions, Am. Soc. C.E., Vol. 107 (1937) 

1020. 
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GIRDER =1.4 LEGS 


a=-0.07 M b=+0.25 a=|+0.33 mM -0..17 
2 
+1 +1 K=+3.0 C.0.-0.|5 
STIFFNESS STIFFNESS 


EK SK = + 3.0 -~0-265 


+0.25 
+0.07 | +0.32 


= 1.394 LEGS 


A. 
a=-004647 y b=+0.2573 0=|-0.3343 y b= 0.1676 
2 3 3 a 


K=-13.0) +1 C.0.-3.36/5 +! K=2.991 C.0.-— |0.5013 
STIFFNESS STIFFNESS 
7-0-2964 


K/ZK -0.2964 }+1.296 +1.296 


-0.5013 -3.365 -3.365 -0.5013 


+0.1676 -0.3343 |-0.0765 +0.2573 
+0.0762 | +0.3335 
-0.2564 -0.1672 


-0.3343 |-0.3329 +0.3335 |+0.3335 -0.1672 


ANALYSIS FOR FREQUENCY OF BENT 
Figure 6 


| 
-0.265|+1.27 _—+1.27 | -0.2685 

| -0.50 -3.57 -3.57 -0.50 

$ +0.17 -0.33 |-0.07 
c.0. -0.25 -0.16 
TOTAL |+0.17 -0.33 | -0.32 +0.32 |+0.32 -0. 16 
-0.2964 
c.0. 
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computing (a) and (b) is recommended. The end slopes are obtained by dif- 
ferentiating Equation 1 and substituting x = 0 and x =?. In addition 


B - | + XY is substituted to separate the series into static and dynamic 
nN 


parts. From Equation 1, 


N= 1,2,3,. 


1 (Dynamic) 


emt 4 sin (Static) 


(Dynamic) 
*1.2,3... 


N=1,2,3,.. 


Therefore the values of (a) and (b) are 


=.) crs EL sin 2nft 


n= L2,3... 


2 
can be written as 
1? 
and in this form the terms of the series evaluated by means of Table 2 which 


lists n‘* and ce, =x for values of n = 1, 2, 3, 


| 
| 

and 
| 
| | 

| 

| 

| 

| 

| 
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0.00710569 
0.00562895 


Table 2 


As an example of the use of this table the values of (a) and (b) for the girder 
will be computed for f/f, = 1.394. First compute (f/f,” = (1.394 = 1.94324; 
divide this number into n‘ of Table 2 and obtain for n = 1, 0.514606; rr 
n = 2, 8.23369; n = 3, 41.6830; n = 4, 131.739; n = 5, 321.638; .....0.. Sub- 


\ 


tract one from each of these numbers and multiply the reciprocal by Te —?2 


in Table 2 and obtain for n = 1, -0.417480; n = 2, 0.007003; n = 3, 0.000553; 
n = 4, 0.000097; n = 5, 0.000025; ........ Then (a) = 0.333333 - 0.417480 + 
0.007003 + 0.000553 + 0.000097 + 0.000025 = -0.076469; and (b) = -0,.166667 
+ 0.417480 + 0.007003 - 0.000553 + 0.000097 - 0.000025 = +0.257335. 

The computation on Fig. 6 for f/f, = 1.394 using these values of (a) and (b) 
shows little change from the computation for f/ f, = 1.4, The moments and 
deflections are as shown at the top of the figure. When the frequencies of os 
the members are close the analysis is sensitive to small changes in the value 
of {/f, and therefore it is more difficult to determine an accurate value, The 
ratio of moment to end slope is larger, and consequently the amplitude of 
free vibration is larger. For a ratio of 1:20 the end slope at the left end of 
the girder is -0.3329 while for a ratio of 1:1.25 the same end slope is -1.301. 


3. Influence Lines. 


The behavior of structures, in particular the influence of the position of 
the periodic force, can be studied most conveniently by means of influence 
lines. The proof of the validity of the use of superposition in the analysis for 
steady state forced vibration is inherent in the proof of Harmonic Analysis 
and will not be repeated here. Both the reciprocal theorem and Muller- 
Breslau’s principle can be applied to the study of vibrations, It is necessary 
to supplement the usual concepts because of the additional factors in the 
analysis of time and damping. The reciprocal theorem is valid if the periodic 
forces have the same frequency and are in phase. The deflection at any point 
of a simply supported beam due to a periodic force P sin 27ft at a distance, 
s, from the left end is given by the following equation, 


n=1,2,3,.. 


451-15 


| 

i 
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The sane ganane” at (a) due to a periodic force at (b) is equal to, 


n=12,3.... 


this deflection and the phase angle are shown on Fig. 7 by means of a vector 
diagram. The deflection at (b) due to a periodic force at (a) is, 


2 2Rv | NMS, nts 
j b 
n* Po ( 
n= 1,2,3,... 
this deflection and phase angle are shown on Fig. 7. Therefore Yab “5 Ma 


and these deflections, which are periodic, are always equal, and in phase if 

the periodic forces are equal and in phase. The reciprocal theorem is also 
valid for rotations and deflections. The rotation at (a), shown on Fig. 7, due 
to the periodic force at (b) is obtainea by differentiating equation 3 and sub- 
Stituting x = 0, 


d 
Oa - sin(2rft -«,,) 
dx), TEI 
n-l2, 
The deflection at (b) due to a periodic moment at (a) is given by the equation, 


> sin sin(2nft - «,,) 


whicii is the general equation with S, substituted for x. Therefore Q.- > 


in magnitude and phase at all times when the periodic force PB sin 2 mt 


and the periodic moment M, sin erct are equal and in phase. 


Muller-Breslau’s principle will be proven in the usual manner, using the 
reciprocal theorem. Fig. 8 shows a beam fixed at the left end, and simply 
supported at the right. The moment at the left end due to a unit periodic 
force at any point (b) will be determined; it will then be proven that this mom- 
ent is equal to the deflection at (b) due to a unit periodic end rotation. The 
moment at the end due to the unit periodic force is found by making the left 
end simply supported and finding the end slope due to the pericdic force, 
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Gan = Yba 
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RECIPROCAL THEOREM 
FIGURE 7 
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P SIN (P=I*) 


Slope at (a) due to 
unit periodic force 


P SIN 21ft at (b) 


Slope at (a) and 

MSIN ft deflection at (b) 
due to unit periodic 
moment M SIN 21 ft 
at (a) 


Moment at (a) due 
to unit periodic 
force at (b) 


MOMENT 


m 
ROTATION Deflection at (b) 


due to unit periodic 
rotation at (a) is 
equal to moment at 
(a) 


MULLER - BRESLAU’S PRINCIPLE 
FIGURE 8 
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then applying a periodic moment at the end sufficient to make the end slope 


zero. 
The end slope Op and the phase angle OCp in relation to the force 


R sin emnft are shown by means of the rotating vector diagram, This 
figure also shows the end slope On and the phase angle Om due to a unit 


periodic moment yy sin orft at the left end. The deflection Yb due to 
m sin ormgt is also shown. In accordance with the reciprocal theorem, 


% “9, and A periodic moment —? with the 


m 
phase angle shown, OC, - OC.,, . will produce an end slope 6. & = Op 


O, due to the unit periodic force p sin2mnft This is the correct mag- 


nitude and phase of the end moment due to the unit periodic force at (b)., The 
influence line must show both the magnitude and phase of M which will vary 
with the position of the force on the beam, If a unit periodic end rotation is 
produced at the end with a phase in relation to the force p sin ort 


of 180° (opposite to p as a vector), the deflection at any point will be equal in 
magnitude and phase at all times to the end moment due to a unit periodic 


force at that point. A periodic end moment e. will produce an end 
| \ \ 
slope of — =|. The deflection at (b) will be equal to 


which is the correct magnitude of the end moment. With the coquired phase 
of the unit periodic end rotation, the phase of the deflection at (b) will be 


- , the correct phase of the end moment. This can be done by 


means of a double influence line: the ordinates to one curve will represent 
the vertical components to the end moment. These are the components re- 


lative to the unit periodic force sin when t =0. The maximum 


value of the end moment at any point will be equal to the square root of the 
sum of the squares of the two component and the tangent of the phase angle 
of the end moment relative to the unit periodic force will be equal to the 


vertical ordinate divided by the horizontal ordinate. 
The computation of the influence line ordinates will be described in detail 


for this beam. The procedure recommended is as follows, 


1. Compute the horizontal and vertical components of the end slope due 


toa moment M 
2. Compute the horizontal and vertical components of the deflection at 
equally spaced interval due to a moment M sin 2rckt é 
From (1) above find the horizontal and vertical components of the end 


moment required to produce a unit periodic end rotation. 
From (2) and (3) above find the ordinates to the influence lines. 
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| 


This procedure with ‘some minor modification is generally applicable to con- 
tinuous structures. 


The deflection due to a periodic moment M sin onft is given by Equa- 


tion 4. This equation is separated into horizontal and vertical components 
by substituting 


sin(2nft-«,) = cosa, sinenft -sinx, cos2nft 


2 
n: 
2M)? 2/,6f \ 
=, (22 sin —— cos 
For convenience in computation substitute (\- £ Fe) | + 
n= 
sin sin 2nft (Dynamic) 
Cl 


The horizontal and vertical components of the end slope are obtained by dif- 
ferentiating this equation for the deflection and substituting x = o: 


+ vn |= sin2mft (Horizontal) 


x=O 3 El 


The horizontal and vertical components of the deflection are: 
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| 
{ 
q 
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El 
sin EI sinerft 
2 § sin 


The horizontal components of the deflection are equal to the static deflection 
due to a moment on the end plus the ordinates tc the curves 


¥ sin 


re 33 
2 | 2 | 


These components will 4 designated as Curve S — are multiplied by the 
sin Cnft: The vertical components of the deflection are equal to the 


}an 


sum of curves 


These components will be designated as Curve C and are multiplied by the 


The influence line for the moment at the end will be computed for a beam 
with a natural frequency f, = 4 and a damping coefficient S= 0. O 8 
The unit periodic force PD SiN C rift will be assumed to have a frequency 


f = 4. It is necessary to compute x! and the coefficients 
n 


ae 
which appear in the series, for values of n = 1, 2, 3 ........ First BR, 
& £ 2 
which is equal to the reciprocal of [ ad | + 2 ae is 


computed for n = 1, 2, 3 and 4. This computation is shown on Table 3 and the 
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4/36 4/64 
0.0123457 | 000390625 
0.987654 | 0.996094 
0.975461 |0.992203 

3 3 
0.0493827 | 0.0156250 

6 
0.975461 |0.992203 

100785837 
1.0666592/ 1.0124998 | 100392147 
0.0666592 | 0.0124998 | 0.00392147 

2 3 3 

0.028442 | 0.0506250) 0.0157478 


4 
0.029862! 


5 


1.000000 0.0625000 


0 000000 0.9375000 


0.000000 | 0878906 


0.0016 


0016 0.878912 


1.137770 


0.000000 


3 
0.0537465 


° 
° 


4 
f||-'.612577 |-0.0229343 


2 
-—0.202642 | 0.0337700 
3 
-0.0144100 


COMPUTATION OF ano Bé FOR 


TABLE 3&3. 


3 
0.0281443 


4 
—0.0113986 
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2 
the values of Be are on line 9. The values of ys 5, are next 
n 


n 
computed by multiplying line 9 by line 3. x shown on line 11 is obtained 


n 

by subtracting 1 from line 10. [3 2 & 2 shown on line 12 is ob- 

n 

4 
tained by multiplying line 9 by line 6. The values of the terms in the series 
are shown on lines 13, 14, 15 and 16. 
The end slope due to a moment Msin anft is equal to 0.333333 - 
0.202642 + 0.003377 + 0.00028F = +0.134349 Ml .. for the 


horizontal component, and to -5.06605 - 0.00014 - 0.00001? = -5.06621 


MI 


EL coseCnFt for the vertical component. 


The horizontal and vertical component of the deflection due to a moment 


M sin entt are shown computed on Table 4. The horizontal components 
due to a clockwise moment on the left end are equal to the static deflection 


OMX 
plus -0.0645031 , 0.000537465 and 0.0000298621 


2 
3mx 


sin —— 5. The sum of these ordinates is called Curve S and the deflection 


2 
is equal to (Curve S) M2 


El 


and -0.0000229343 sin om 4.0... The sum of 


sin ent The vertical components are equal 


to -1.61258 sin 


these ordinates is called Curve C and the deflection is equal to (Curve C) 


Mi 
ET cos 2rft . 
The horizontal component, My, and vertical component My, of the end 
moment required to produce a unit periodic end rotation are obtained by means 


of the following equations. 
0.134349 My + 5.06620 My = -1 
-5.06620 My + 0.134349 My= 0 
T. See Table 3, line 15 
2. See Table 3, line 16 


3. See Table 3, line 13 
4. See Table 3, line 14 
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Solving these two equations, the horizontal component My = -0.00523267 


El sin 2T1ft and the vertical component My = -0.197247 


El cos 2nft I order to find the horizontal and vertical component of 


the influence line ordinates the ordinates to Curve S and Curve C, which are 


for end moment “| sin 2 T1ft, are multiplied by the moments above in 


accordance with the following table. 


Deflection End Moment 
Ordinates M sinenft |-M sinenft | Mcos2nft |-Mcos2nft 
Cu 


x-cosenft 


The above end moments cause the following deflections, due to My = -.00523267 


El sin the deflection is (Curve S) (0.00523267) sin2 nft) 


and (Curve) (0.00523267) 1(-cos2 rift) ; due to My = -0.197247 


El 


COS2 and deflection is (Curve (0.197247) U(-cos 2rft) 


and (Curve C) (0.197247) U(sin ent) . The sine terms above are the 


influence ordinates for the horizontal component of the end moment and the 
cosine terms above are the influence ordinates for the vertical component of 
the end moment. The computation of the above ordinates is shown in Table 5, 
and plotted on Fig. 9. The end moment due to a periodic force 


P sin 2rnft at the center is shown with the phase angle relative to the 


force att =0. 
4. Behavior of Continuous Structures 


The behavior of continuous structures when synchronism exists is of pri- 
mary importance. When synchronism exists between the frequency of the per- 
iodic force and the natural frequency of the structure, the force will excite 
a mode of free vibration with a large amplitude. This behavior can be des- 
cribed in detail for a simply supported beam by means of Equation 3. The 
behavior of a continuous structure is similar to that of a simply supported 
beam. This similarity in behavior will be shown, using as an example a 
three-span continuous beam. 
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The equation for the free vibration of a simply supported beam is, 


m* A, sn sinenf t (Equation 5) 


n 2n Vm 


The equation of the first mode of free vibration, then is, 


y, A, sin sin 


in which A, is the maximum amplitude and the shape of the first mode is 


sin 


Equation 3 gives the deflection of a simply supported beam due to a per- 
iodic force. When synchronism exists the total deflection can be accurately 
represented by a single term of this series. For example, when f = f, the 


total deflection is approximately equal to the first term of the series, or 


Y= sin sin (2nf,t - 90°) 


3 
In this equation the amplitude is _ 4 mv. —A and the shape of 
the deflection curve is SIN a: . The periodic force, therefore, excites the 


first mode of free vibration with a large amplitude. The total deflection can 
be represented by the first term because the amplitude of the first term is 
much larger than the amplitude of the other terms. The maximum amplitude 


\ 
of each term is determined by the value of —~4 Br 


Table 6 
Deflection Bending Moment 
Frequency B : 
f=, 375 94 
{=f 94 181 
f = f, 180 274 
f=f, 273 369 
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“Ratio Largestterm__ror f-4 and 5-008 


Next largest term 


Table 6 shows the ratio of the maximum amplitude of the largest term to 
that of the next largest tt In this ie under the heading, deflection the 


=f,. Clearly the error 
number 375 is the ratio ot | eA, * 5 BR, for f =f, early 
will be small if the total a be is represented by the first term of the 
series. 


There is a certain limitation to this reasoning. For example, when f = f, 
| 
the ratio of 34 BR, to 7m B , is 94, therefore the total deflection is 


aporomimately ia i to the second term of the series, or 


~2Pr ENS ° 
Y sin sin<~ sin @nf,t.-90°) 


where, L 


In this equation the amplitude sin and the shape 


of the deflection curve is sin GMX which is the same as that of the 
l 


second mode of free vibration. 
When the periodic force is at, or very near the center of the beam, where 


2Tts 


a mode occurs in the second mode of free vibration, the value of sin 


is zero or small. The amplitude of the second term, then, can be small and 
of the same magnitude as that of the other terms of the series. The total 
deflection will be small and cannot be represented as above by the second 
term of the series. Subject to this limitation, the total deflection at synchron- 
ism can be represented by a single term of the series with the shape of the 
mode of free vibration. 

It has been shown that, for a simply supported beam, the total deflection 
due to a periodic force has the same shape as the mode of free vibration. 

The influence line for deflection at any point x! from the left end can be 
ok from the equation for the total deflection by substituting X= x’ and 


= | lb. Making these substitutions in the equation for the total deflection 
a f. F the raeegs for the influence line for deflection at x = x’ is, 


sin sin sin (2nf,t -90°) 


In this equation, S_ the distance of — unit periodic force from the left end 


is a variable and the shape of the influence line is SiN = Therefore the 


influence line for deflection has approximately the same shape as the mode of 
free vibration, 
The bending moment at any point, derived from the equation for the total 


2 
deflection by use of the relation FJ] d“y =-™ is, 
dx? 
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sin ™ sin(2nft -90°) 


The influence line for bending moment at any point a distance x' from the left 
end is obtained by substituting in the above equation, x = x’, and P = 1 lb. 


which obtains].L. = sin 23 sin BX sin (2nf, t -90°) 
l 

In this equation, s, the distance of the unit periodic force from the left end is 


a variable and the shape of the influence line is sin ms . Therefore the 


influence line for bending moment has approximately the same shape as the 
mode of free vibration. 

The following general conclusions can be drawn with regard to the behavior 
of a simply supported beam at synchronism. They are also applicable to a 
continuous structure. These conclusions are approximate and subject to the 
limitation regarding the position of the periodic force. When synchronism 
exists between the frequency of the periodic force and a frequency of free 
vibration the periodic force will excite the mode of free vibration. The ampli- 
tude of the mode of free vibration is so large that the total deflection due to a 
periodic force may be taken as having the shape of the mode of free vibration. 
This predominance of the mode of free vibration makes the shape of the de- 
flection due to a periodic force independent of the position of the periodic 
force. The position of the periodic force does, however, affect the amplitude 
of the mode of free vibration. 

The ordinates to the deflection due to a periodic force, therefore, will be 
directly proportional to the ordinates to the mode of free vibration and the 
two curves will have the same shape. The ordinates to the deflection curve 
vary periodically and are in phase, so that they all vary in direct proportion. 

The deflection will lag by 90° in phase with the periodic force (times 


sin (2nft -90°) or times _ cos 2nft). The deflection due to a periodic 


force can be taken as described above with small error. 

The reciprocal theorem states that the deflection at b, due to a periodic 
force at a, is equal to the deflection at a, due to a periodic force at b; there- 
fore, the deflection due to a unit periodic force at a, is an influence line for 
deflection at a. 

Since the deflection due to a periodic force has the same shape as a mode 
of free vibration, the influence line for deflection at any point will also have 
the same shape as a mode of free vibration. The amplitude of deflection at 
any point varies with the position of the periodic force in proportion to the 
ordinates of the mode of free vibration; the shape of the deflection curve is 
the same as the mode of free vibration and all deflection ordinates change in 
proportion to the deflection at any point. 

A deflection curve, as described above, for which all of the ordinates 


d? 
change in direct proportion, has the properties —- fora y at any point. 
Xx 


d? 
Since E [ | = —|™ the bending moment at any point is proportional to 


Xx 
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the deflection at that point. Therefore the influence line for bending moment 
at any point has the same shape as the influence line for deflection at that 
same point. The influence line for bending moment at any point may also be 
taken as having the shape of the mode of free vibration. 

In conclusion, the deflection due to a periodic force, the influence line for 
deflection and the influence line for bending moment may also be taken as 
having the shape of the mode of free vibration. 

A three-span continuous beam exhibits this same behavior as the simply 
supported beam and is subject to these same conclusions. 

The three lowest modes of free vibration in the vicinity of f, have been 
described for a three-span continuous beam. For the frequency of free 


vibration when ~— = | the shape of the mode of free vibration for each 


span from left to right is A sin sin2rn ft » ~Asin sin 


and A sin t 


For the frequency of free vibration when = | 28 or =| 87 


the shape of the mode of free vibration is shown on Fig. 3. The deflection 

due to a periodic force at the center of span 1 - 2 at these same three fre- 
quencies is shown on Fig. 10. Note that the only difference in the analysis 

was the frequency and in each case the corresponding mode of free vibration 
was excited with a large amplitude. The component of the deflection multiplied 


the same shape as the mode of free vibration. 

A comparison between a curve having ordinates in proportion to the mode 
of free vibration and the correct deflection shown on Fig. 10 illustrates the 
degree of approximation involved in taking the mode of free vibration as the 
shape of the total deflection due to a periodic force. 

Substituting P = 1 lb., the deflections shown on Fig. 10 are the correct 
influence lines for deflection at the center of span 1 - 2. The mode of free 
vibration can be taken as the shape of these influence lines. 

Influence lines for bending moment are shown on Fig. 11. At the top of 
this figure is the influence line for bending moment at the center of span 1- 2 


£ 


for a frequency £ =| - The bending moment at the center of span 1 - 2 is 


equal to the bending moment due to the load in the span plus the bending mom- 
ent due to the moment over support 2. The influence line was obtained by 
combining the influence line for span 1 - 2, simply supported, with the influ- 
ence line for bending moment over support 2. 

The influence line for bending moment at the center of span 1 - 2, simply 
supported, was obtained by placing a temporary support and hinge at the 
center. An analysis was made fcr equal and opposite periodic moments at the 
center hinge to obtain the deflection for a unit periodic rotation at the hinge. 
The reaction at the temporary center support was found and an analysis made 
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by cos ernftt lags by 90° in phase with the periodic force and has approximately 


DEFLECTION DUE TO PERIODIC FORCE P SIN 2wft. AT CENTER SPAN 1-2 
DEFLECTION = EL ( ORD SIN 2mft.+ ORDxC0S 2wft) 


FIGURE 10 
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for the deflection due to an equal and opposite periodic force at the center of 
span 1 - 2. The sum of these two deflections is the influence line for bending 
moment at the center of span 1 - 2, simply supported. 

The influence line for bending moment over support 2 was obtained by 
placing a hinge over the support. An analysis was made for equal and opposite 
periodic moments at the hinge to obtain the deflection for a unit periodic 
rotation at the hinge. This unit periodic rotation, equal to the slope on the 
right of the support minus the slope on the left, has a phase of 180° in relation 


to the unit periodic force p sn2nFft (opposite to p as a vector). These 


influence line ordinates for moment over support 2 were multiplied by the 
moment at the center of span 1 - 2 due to a moment on the end. The sum of 
these two influence lines is shown at the top of Fig. 11. 


The influence lines for frequencies f= 1.28 and f = 1,87 are for 


bending moment over support 2. A hinge was placed over the support and an 
analysis made for equal and opposite periodic moments at the hinge to obtain 
the deflection for a unit periodic rotation. The usual sign convention of ten- 
Sion at the bottom, positive bending moment and tension at the top, negative 
bending moment, was a adopted in drawing these influence lines. The com- 
ponent of these influence lines multiplied by cos 2 n ft is an adequate 


representation of the influence line in each case. This component has approxi- 
mately the same shape as the corresponding mode of free vibration. 

This continuous beam behaves in a manner similar to the simply supported 
beam, The deflection due to a periodic force, the influence line for deflection 
and the influence line for bending moment may all be taken as having the same 
shape as the mode of free vibration. 

These relations are useful as a guide in the analysis of continuous struc- 
tures. Since the deflection due to a periodic force will have the shape of the 
mode of free vibration, then the maximum deflection due to a periodic force 
will occur at the point of maximum deflection of the mode of free vibration. 

Since the influence line for deflection also has the shape of the mode of 
free vibration, then the position of the periodic force that will cause maximum 
deflection is at the point of maximum deflection of the mode of free vibration. 

Since the deflection due to a periodic force has the same shape as the mode 
of free vibration, the bending moment diagrams will have the same shape. The 
maximum bending moment due to a periodic force will occur where the bend- 
ing moment is maximum for the modeof free vibration. 

Since the influence line for bending moment has the same shape as the 
mode of free vibration, the position of the peroidic force to cause maximum 
bending moment will be at the point of maximum deflection of the mode of 
free vibration. 

The writer’s method of analysis described in Trans. Vol. 118 was used to 
determine the deflections due to a steady state forced vibration for Figs. 10 
and 11. This analysis plus the analysis described in this paper for frequencies 

and modes of free vibration, for the reciprocal theorem and for influence 
lines completes the required methods of exact analysis. The similarity which 
has been shown between the deflection due to a periodic force, the influence 


: 
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lines for deflection and bending moment, and the mode of free vibration pro- 
vide a simple and accurate relationship which clarifies the behavior of con- 
tinuous structures and supplies the understanding necessary to intelligent 
analysis. 
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Presented at the Atlanta (Ga.) Convention of the Society in February, 1954. 

. Presented at the Atlantic City (N. J.) Convention in June, 1954. 
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